Prelim Exercise Study Set

PART I
1. Consider the following linear systems
a'(t) = At)z(t), (LH)
2 (t) = A®)a() + £(8),  w(to) = o, (LNH)

where z(t), f(t) € R", A(t) is a real n x n matrix, and A(t), f(t) are continuous on an open
interval I that contains tg.

(a) Define what is meant by a fundamental matrix of (LH), explain why it exists, and derive a
formula for a solution of the initial value problem (LNH).

(b) Prove that the unique solution of (LNH) exists on the whole interval I, whether it be finite

or infinite.

2. In (LH) suppose that A(t) is constant and given by
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(a) If ay = a3 = 0 and 1 = (1 and v2 = (2, show that all solutions of (LH) are periodic if
B1/ 32 is rational.

(b) Suppose that 71 =v2 = a3 = 82 = 0 and ;1 = ag = 1. True or False: All solutions of (LH)
are unbounded. Explain your answer by proof or counter-example.

3. Rewrite the nth order linear equation
@) + a1 ()2 + -+ an_1 (D)2 (1) + ar(t)z = b(t) (IVP)
2(0) = 21, 2/(0) = 29, -+, 2"7(0) = 2,
(with a;(t) € C(R)) in the form
y'(t) = At)y(t) + B(t), y(0) = yo

(a) Use this form to explain why the (IVP) has a a globally defined solution for all initial data.
(b) Define a fundamental matrix for § = Ay and explain why a fundamental matrix exists.

(c) Derive Abel’s formula for (IVP) If y,. ..y, are solutions of (LH), and ¢y € (a,b), then
t
W(t) = W (tp) exp {—/ oq(s)ds] .
to

where W is the Wronskian of {y1, - yn}.



4. Establish the following two versions of Gronwall’s Inequality

(a) Let fi(t), fa(t), p(t) be continuous on [a,b] and p > 0. If

£1(t) < falt) + / p(s)f1(s) ds, t € [ab],

then . .
76 < 2lt) + [ ps)as) el plurdal d,
(b) Give a simpler derivation in the special case p(t) = k and fa(t) = ¢ are constant, i.e., assume
that ,
filt) <o+ k/ fi(s) ds, te€la,b].

Show that in this case fi(t) < deFle—al,
5. Do parts a) and b)

(a) Suppose z(t) = 0 is a solution of & = f(t,z) where z € R™ and f(¢,x) is a smooth function.
Define what it means to say that z(¢) = 0 is a stable solution. Define what it means to say
that z(t) = 0 is asymptotically stable.

(b) Consider & + pi +x + 23 = 0 where > 0. State an appropriate theorem and use it to show
that z(¢) = 0 is asymptotically stable.

6. Stability of nonlinear systems:

(a) Let A be an n x n real constant matrix with R(c(A4)) < 0. Let g be a R™ valued function
which is C1(R™ x [0, 00). We assume in addition that g(¢,0) = 0 for all ¢. State a theorem
that will prove that the origin is an asymptotically stable fixed point for the nonlinear system

2(8) = Aw(t) + g(t,(1)).
(b) If ¢1,co2 > 0 show that the equilibrium solution is asymptotically stable for

r = (ZL‘l — CQZEQ)(ZU% + ZL‘% — 1)
Ty = (611'1 + 1‘2)(1’% + .CC% — 1)

(c) For a system /(t) = f(z(t)) with f € C1(R™ x [0, 00)) define a Lyapunov function and state
carefully the main Lyapunov stability theorem.

(d) Construct a Lyapunov function to show that the origin is an asymptotically stabile equilib-
rium for



7. Do all parts

(a) Show that z = 0 is unstable stable for

1 = x1+ T2
Tog = T1—To+X1T2

(b) If f(z,y) > 0 show that x = 0 is stable for
i+ fz, )i+ w?z = 0.
(c¢) If g(0) = 0 and xg(x) > 0 show that x(¢) = 0 is a stable equilibrium for
2" (t) + g(a(t)) = 0.
8. Consider the system
Y'(t) = AY (t) + B(t) (*)

where A is an n X n constant matrix and B(t) is a continuous n—dimensional vector that satisfies
the condition [ |B(t)|dt < occ.

(a) Suppose that the eigenvalues of A have negative real parts. Show that all solutions of (*)
are bounded, i.e., there is a constant M so that |Y'(¢)| < M for ¢ > 0.
(b) Suppose we only assume that B(t) is bounded. Is (a) true?

(¢) Find a condition on « so that z = 0 is stable for

i+ {14—(1_50@]3:—0

9. Show that a solution to the equation
y"(x) + 2*y(x) =0, y(0) =0,
has a zero in the interval (0,2). HINT: Note that the equation
" 2
2N+ X2 =0.

has a solution that satisfies 2(0) = 0 and z(w/A) = 0. Then consider
w/A
/ (% — \?)sin®(\z) dz.
0

10. Consider the Sturm-Liouville problem,

(/@) + 2y(a) =0, y(1) = y(e) = 0

(a) Show that the eigenvalues and eigenfunctions are given by

Ay =272, yu(z) =sin(nwlnz), n=1,2,3, -



(b) Construct the Green’s function for this problem if A\ = 1.

(c) Consider the nonhomogeneous problem

7.‘.2
o/ (@) + Ty(e) = sin(nrnz), y(1) = y(e) = 0.

For which integers n is this problem solvable?

11. Consider the Bessel equation

y'(z) + (1 . ;;p2> y(z) =0

(a) If 0 < p < 1/2, show that every nontrivial solution of the Bessel equation has at least one
zero in every interval of length 7.

(b) If p = 1/2, show the zeros of every solution are separated by an interval of length 7.

(c) If p > 1/2, show that every solution can have at most one zero in any interval of length 7.
12. Find the eigenvalues and eigenfunctions of u” + Au = 0 with the boundary conditions:

(a) u(0) = u(f) =0,

(b) w/(0) =/(£) =0,

(¢) u(0) =0,u(l)—d'(¢)=0.
13. Find the Green’s function for

y' =7y =0, ¥'(0)=0, y(t) =0, v>0.

14. Find the eigenvalues and eigenfunctions for the following boundary value problem and then

construct the Green’s function.
d d A
— I—y +—y=0, 1<z<e
dx dx x

PART II

1. Show that
(1+ x2)um +(1+ y2)uyy +2uy +yuy =0

is elliptic and find the canonical form of the equation.

2. Solve

ux—l—uy:u2

with the initial condition u(z,0) = h(x).



3. For the problem
u2um+uy:0, reR, y>0

u(z,0) ==z

derive the solution
u(z,y) = (V1+4zy —1)/2y

valid for y # 0, 1+ 4xy > 0. Verify that u(z,y) satisfies the initial condition. When do shocks
develop?

4. Consider the differential equation
Ugz — DUgy + Ouyy = 0.

(a) Classify the equation and reduce it to canonical form.

(b) Integrate the canonical form of the equation to obtain the solution

u(z,y) = f(y +3z) + gy + 2x)
where f, g are arbitrary C? functions.

5. Consider the differential equation
Uy +uy =1

with the initial condition © = s/2 on the curve z =y = s, 0 < s < 1. Verify that this problem
has a unique solution in a neighborhood of the initial curve and then find it.

6. Let u(z,t) solve the initial value problem

Au=uy, xR t>0
u(z,0) = up(z), u(z,0)=ui(x)

where ug, u1 are infinitely differentiable and vanish outside some ball B(0, R). Define the energy
of u in the ball |z| < § at time ¢ by

1
Bfu() =5 [ {IVul@ 0P + i (e.0)} do
z|<6
and the energy of v in R3 by

B u()] = (1/2) /R [Vu(e, ) + a2z, t)} da

(a) Show that the energy of u contained in the whole space R3 is constant, i.e.,

(b) Show that



10.

11.

12.

Solve the problem
Au=uy, R z3>0,t>0
u(z,0) = ug(x), w(z,0) =ui(z) zeR3 23>0
Ugy (T1,22,0,1) =0, —o0 < x1, w2 < 00, t >0,

by introducing the appropriate imaginary data in the lower half space x3 < 0.

Solve
U = Uy + f(z,t), ©>0,t>0
u(z,0) = u(z,0) =0 =z >0
u(0,t) = h(t), t>0
State Duhamel’s Principle and use it to solve

Utt:um—i-x2, r€eR, t>0
u(x,0) =z, u(z,0)=0

Suppose u(x,t) is a solution of
Au=uy, z€R" t>0
u(z,0) = up(z), ue(z,0) =ui(x) zeR"
where ug, u1 are smooth functions with compact support.

(a) If n = 3, show that for each = there exists a time T'(z) such that if ¢ > T'(x), u(x,t) = 0.
(b) If n = 2, show that for each x

lim u(z,t) = 0.
t—00
(¢) If n =1, show that for each x there exists a time T'(x) such that if ¢ > T'(x), then u(z,t) is
a constant.
Solve

Ut = Upy + QU + QUUy, T ER, £ >0
u(z,0) = up(x), u(z,0)=ui(x).
Do both parts

(a) Let 2 be a piecewise smooth bounded domain in R™ and suppose u(z, t) is a smooth solution
of the initial boundary value problems

Au:utt, SUEQ,t>0
u(ac,O) = Uo(l‘), ut(x,()) - ’U,l(l'), x €
u(z) =0, r €5
ou
— =0, r €Sy, 00=5S1US
on

If
8(15)—/9[\Vu(a;,t)]Q—i—u?(x,t)} do

show that £(t) is constant.



(b) Prove that there is at most one smooth solution of the initial boundary value problem
Ut = Ugy + f(2, 1), O<x<tl t>0
u(z,0) = up(z), w(z,0)=wui(x), 0<x </l
u(0,t) = g(t), uz(4,t) =h(t), t>0
13. Solve the nonhomogeneous initial boundary value problem
Ut = Uge + 2, O0< <1, t>0
u(z,0) =sin(rz/2), w(x,0)=0 0<x<1
u(0,t) =0,  ugx(l,t) =sin(t)t >0
14. Recall that a fundamental solution of Au = 0 is given by
1 1

— In— -9
o eyl

k(z,y) = _
————  n=3.
A |z -y

a) For n =2 (or n = 3), derive the following representation formula

ou 0 .
u(z) = /(‘mk(:c,y)a—n(y) — u(y)a—nk(x,y)day - /Q k(z,y)Au dy (*)

where Q and u(x) satisfy appropriate regularity conditions.

b) Define what is meant by a Green’s function for the boundary value problem (BVP)
Au=0, z €,

u(z) = f(x), =€ 0.

Use (*) to express the solution of (BVP) in terms of the Green’s function.

c) Construct the Green’s function for (BVP) when 2 is the upper half-plane (or the upper
half-space) and derive a formula for the solution of (BVP).

15. Consider the boundary value problem

Au+c(z)u = h(z), =€

0

o= = f(), @€,
where (2 is a normal domain in R", f € C(9f2) and c,h € C(). Prove that this problem has
at most one solution in C?(Q) if ¢(x) < 0. Show that any two solutions in C?(Q) differ by a
constant if ¢(z) =0

16. Let Q C B(0, R) C R?



a) Let Au= —F in Q and suppose that F' < 0 in €. If in addition u € C(£2), then

max u(z) < max u(zx).
z€e) €02

b) Consider the nonhomogeneous Dirichlet Problem
Au=—F in Qc B(0,R)
u=f in 0ONQ.

Show that

T < max T + - R2 max |F(x
u(wy)| < max [f(r.y)] + (R max [F(z.y)|

17. Prove that if u is harmonic in a bounded domain Q C R? and is C?(Q), then |Vu|? attains its
maximum on 0f).

18. Uniquess in unbounded domains

(a) Show that the exterior DP

has infinitely many solutions.

(b) If for n > 2 and we impose the condition that u(z) — 0 as |z| — oo, then the problem has
a unique solution.

19. Show that the exterior DP (i.e., Q¢ = C\Q is a nonempty bounded domain.)

Uge + Uyy = [ € Q (unbounded),
u=g¢g on 01},
u(z, y)l < A (z,y) € Q,
has at most one solution.
20. Consider the nonhomogeneous heat equation
Up = Ugy + fx,t), z€R, >0

u(z,0) =0, z€R.
Apply Duhamel’s principle to find the following formula for the solution of this problem:

t [e’¢) 1 —(z—8)?
u(x,t)z/o /_OONW = pe ) dedr.

21. Recall that the solution to the initial value heat problem
Ut = Ugg, xGR,t>O

u(z,0) = f(x)
is given by

—<z y)2

u(z, t) f(y)dy.

\/_



a) Prove that the solution depends continuously on the data in the sense that if
() — f(x)] <& —o0<z< o0,
then the corresponding solutions satisfy
lu(z,t) —a(z,t)] <e, —oo <z <o00,t>0.
b) Assume that f(x) is continuous and bounded. Show that

lim w(z,t) = f(z)

t—0t+

22. The heat equation in the semi-infinite rod with its end kept at zero temperature or being insulated
leads to the initial-boundary value problems

Up = Ugg, 0<x <00, t>0

u(z,0) =¢(z), 0<z<o0

w(0,6) =0, t>0 (1)
or

uz(0,8) =0 t>0. (2)
For the boundary condition (1) show that

1 * 1 —(z=&)? —(z+8)?
u(x»t):m/o 7i [6 W —e ]925(5) dg.

For the boundary condition (2) show that

—(z—&) —(z+8)2

u(ac,t):L L e 4t2—|—e at (&) dE.
2ﬁ/o \/E[ ]

23. Consider the initial value problem (IVP) for the temperature in an infinitely long rod,

Ut = Ugey, TER, >0

To >0
u(m,O):{ OO 3:20 .

a) Show that the solution of (IVP) is given by

To T, [®/V4
u(x,t) = 040 e do
2 Tl
b) Note that the solution is positive and infinitely differentiable for ¢ > 0. What is the steady
state value of u(z,t)?



24. Consider the initial boundary value problem,

U = Ugy + F(x,t), 0<ax<l, t>0
u(z,0) =0, 0<xz<I
u(0,t) =0, w(l,t)=0, t>0.

Use Duhamel’s principle and a formal series solution to obtain the following formula for the
solution of the nonhomogeneous problem,

> t _k2n2(t—s) k
u(z,t) = Z {/ Fi(s)e i ds} sin %
k=1 +70
where l
2 k
Fi(s) = 7/ F(z,s) sin%x dx.
0

If F(x,t) = F(t)sin(mz/l) show that the solution is
t 25 2
u(zx,t) = (/ F(s)ez ds> sin 7rl—$efli2t
0

25. More heat equation on a finite interval
a) Separate variables to construct a series solution of
Ut = Uy, O<ax <7, t>0
u(z,0) =z, 0<z<m

uz(0,t) =0 = uy(m,t), t>0

b) Carefully justify that the series solution satisfies the boundary conditions and the initial
condition and show that for each ¢ > 0 the function u(x,t) defined by this series represents
a C* function in x that satisfies the heat equation.
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