Chapter 9

Parabolic Equations

9.1 Introduction

If u(zx,t) represents the temperature in a body € C R™ at a point z € Q at time ¢, then the
propagation (or diffusion) of heat is (approximately) described by the heat equation

u = Au.

The heat equation is the usual example of a parabolic equation that one finds in most books
on partial differential equations. In what follows we will attempt to describe some of the
basic ingredients in a classical disscussion of the heat equation. At the same time we try to
provide the student with a brief introduction to some important tools used in PDEs which
have not been discussed up to this point. One such tool that could have used all along is the
Fourier transform. One problem is that to use this tool most effectively the student should
have had a course in real analysis. Since this is not required for the present class it presents
a situation in which we must strike a delicate balance between what we would like to do and
what we can really do rigorously. At some point I will present results without proof and
simply give references for details.

Following [3] we first give a few caveats concerning the heat equation in physics. As
pointed out in [3], the heat equation does not say anything about the microscopic physical
processes that accompany heat flow. It merely describes a limiting situation in which the
size of the atoms can be considered infinitesimally small. It does not recognize the existence
of an absolute zero temperature — indeed, temperatures for the heat equation can even be
negative. Nonetheless, the heat equation is a very important an interesting model to study.

9.2 Some Results from Functional Analysis

At this point we digress to discuss several topics from real and functional analysis.
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Holder’s inequality is used often in analysis and can be found in almost any book on real
or functional analysis, see for example [5, 20]. Since a graduate course in real analysis is not
a prerequisite for this course we will present several several results, more or less directly from
the book used for real analysis at Texas Tech, “Real Analysis” by Gerald Folland [5]. For

this presentation when you see an expression like [ f(x)du(z) where we say u is a measure

just replace du by dx and imagine the functions are integrable in the sense you know best.
This might be the Riemann integral or even the Lebesgue integral if you had Baby Reals.
The strict validity of the results does rely heavily upon the Lebesgue integral but for our
purposes we are really only interested in using the results and not in really rigorously proving
them — thats what the real analysis is for and you should take it if you have not already. We
will be interested in the classical L? function spaces consisting of functions (not really they
are actually equivalence classes of functions that differ on sets of measure zero, but we need
not worry about this) f whose pth power is integrable in R", i.e.

LPR") ={f : R" = C : [[f[l, < oo}

where || - ||, for 1 < p < oo is defined by

111, = ( [ 1 ac) "

The case of p = 2 is of special importance and is given the name Hilbert Space. In this case
the norm || - ||z is induced (just as it is in C") from an inner product. Namely we define the
inner product in L? by

(f. ) = / f(2)9(@) da

and it follows immediately that

113 = / (@) de = / @) @) de = (f, /).

Theorem 9.2.1 (Ho6lder’s Inequality). Suppose that 1 < p < oo and let q satisfy p~* +
q ' =1 (in this case we say that p and q are conjugate exponents). If f and g are measureable
functions on a measure space (X, u) then

1fglly < [1f1lpllgllq-
In particular, if f € LP(X,pn) and g € LY(X, ), then fg € LY (X, p).

The special case p = ¢ = 2 is called the Cauchy-Schwartz Inequality.
One result which has far reaching consequences is the following which is taken from [3].
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Theorem 9.2.2 (Generalized Young’ Inequality). Let (S, u) be a measure space 1 <
p < oo and C > 0. Suppose K is a measureable function on S x S such that

/ K (2, y)lduly) < C, V€ S
S
and
/ K(z,y)ldu(z) < C, ¥y € S
S

and suppose that f € LP(S). Then
/K x,y)f

is defined almost everywhere and T f € LP(S) with
1Ty < CllSlp-

An indispensible tool is the convolution integral. For f and g in L} (R") we define
formally the convolution of f and g by

frg(x) = . flz —y)g(y) dy.

Corollary 9.2.1 (Young’s inequality). If f € L' and g € L? (1 < p < o0), then f *
g(x) € L and || f = gllp < [[fll1]lg]lp-

Proof. Apply Theorem 9.2.2 with S = R" and K(z,y) = f(z — y). ]
Remark 9.2.1. If f € [” and g € LY where p~' + ¢! = 1, then (f x g) € L>. This follows

from Holder’s inequality:

I(F 5 9)lloe < esssupsern | 1f(z = 9)llg(y)]dy <

1/p 1/q
€SS SUP,cpn ( / |fz =y dy) ( lg(y)|? dy)
R™ R™

= [ £1lpllglly-

Here
[¢lloc = esssup,epn [o(2)] = inf{a > 0 = p({z : |p(z)|] = a}) = 0}
For our course without real analysis, you can assume that ¢ is say piecewise continuous and

1 flloo = sup [ f(z)].

zeR™
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Note that from Holder’s inequality, if f € L? and g € LP, (1/p+ 1/q = 1), then
fxge L™
and || f * gllo < [[fllqllgllp-
Definition 9.2.1. If f is a function on R™ and v € R™ we define f,(y) = f(x +y)
Lemma 9.2.1. For1 <p<oo and f € L?,

tim |17, — fll, = 0.

Proof. Since a continuous function on a compact set is uniformly continuous, if g is a con-
tinuous, compactly supported function, then g is also uniformly continuous. Thus for such a
g, given € > 0 there exists an § so that |g(x+y) — g(y)| < € for all y and provided |z| < §. If
we fix a compact set containing the support of g, for all |x| < 1, then we can assume that g
and g, are supported on a common compact set for |z| < 1. Thus we have ||g, — g||, — 0 as
x — 0. Now for a given f € LP and ¢ > 0, choose a continuous g with compact support such
that || f — g|/, < ¢/3. Then we also have || f, — g.|l, < €/3 (by a simple change of variables
in the integral), so that for all |z| <1

[fo = fllp < WS = gallp + llge = gllp + lg = fllp < llg= — gllp + 2¢/3.

Now for z sufficiently small we have ||g, — g||, < ¢/3 and we have

[fo = fll, < e
O

Remark 9.2.2. The result is not true for p = co. In fact the condition that || f; — f|lcc — 0
as x — 0 means that f agrees (a.e.) with a uniformly continuous function.

Remark 9.2.3. Minkowski’s inequality says that the LP norm of the sum of a finite number
of functions is less than or equal to the sum of the LP norms of the functions. This result is
also true in an integral form (See J. Folland’s book on real analysis, [5] page 186). Namely,
if (X, ) and (Y, v) are o-finite measure spaces, f(x,y) > 0 and 1 < p < oo, then we have

V‘/fxydv dp(z } /Uf:cypdu ]pdu(y). (%)

Theorem 9.2.3. Let ¢ € L'(R"), € > 0, ¢ (v) = ¢ "¢ (f) and ¢(x)de =a. If f € LP,
€ Rn
1 <p< oo, then

Hf*¢6—(1pr—>0, e—0

If f is bounded and uniformly continuous, then

||f*¢e_af||00_)07 €—0
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Proof. By the change of variables x — ex we see that / @e(z) dx = a for all € > 0. Therefore

we have
frpe(r) —af(z) = /[f(rc —y) — f(@)] pe(y) dy = /[f(w —ey) — f(2)] w(y) dy.

If f € LP and p < oo then we can apply the Minkowski inequality for integrals () given in
Remark 9.2.3, to conclude that

I£ 56— afly < [ 10— fllloto)] v

But || f—ey — ||, is bounded by 2|| f||, and tends to zero as e — 0 for each y, by Lemma 9.2.1.
Thus we can apply the Lebesgue Dominated Convergence Theorem to get

ing 1 = = afly < Ty [ 150 = Sl Loy = [ i1y = Sl oo dy =0

If p=o0cand f € L™ is uniformly continuous on a set V. Given ¢ > 0, choose a compact

set W so that / lo| < 6. Then
RPAW

sup [(f * ) (z) —af(x)] < sup If(fc—ey)—f(I)I/WISOIJr?IIfIIoo&

zeV zeVyeWw

The first term on the right tends to zero as ¢ — 0, and ¢ is arbitrary, so f * ¢, tends
uniformly to (af) on V. O

Definition 9.2.2. If ¢ € L' and [ ¢ = 1, then the functions ¢, are called an approzimation
to the Identity.

Definition 9.2.3. The Schwartz class S of rapidly decreasing functions consists on all C*
function on R™ which, together with there derivatives, go to zero at infinity faster than any
power of |x|. More precisely, for any nonnegative integer N and any multi-index o we define

| fll v,y = Sg@(l + [x[)N [0 f(x)]
and
S={f € C=(R") : ||fllgwa) < 0, for all N,a}.

Theorem 9.2.4. If f € L' (1 <p < o) and ¢ € S then f+¢ € C° and 0%(f x ¢) =
f*(0%p), for all a.
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Proof. Let p € S, then for any bounded set V' C R™ we have

sug‘@a ez —y)| < Coap(L+y)~ " forall yeR™
Te

The function (1 + |y|)~ "+ is in L for every ¢, so the integral

F 0% /f )0%p(x — ) dy

converges absolutely and uniformly on bounded subsets of R™. Therefore the derivatives 9%
can be interchanged with the integration and we conclude that 0%(f * ¢) = f * 0%. O

If in the above result we had ¢ € C°(R") then we would only need to assume that
f € LL .(R") for the convolution f ¢ to be well defined and the same proof as above shows
that fx o € C*™.

By way of a standard example, we can establish the existence of smooth compactly
supported functions: Namely, let

1
f(t) = eXp(l—tQ)’ <1 (9.2.1)

0 lt| > 1.
Then f € C*(R) and we can have ¢(z) = f(|z|) for z € R". Then

¥ >0, and O<az/w(x)dx<oo

and we define

€ C®(R") (9.2.2)

Another important result is the following generalization of Urysohn’s Lemma.

Lemma 9.2.2. Let V C R"™ be compact and 2 C R™ be open such that V' C ). Then there
exists f € C§°(2) such that f =1 onV and 0 < f <1 everywhere.

One of the most important concepts in PDEs is the classical partition of unity due to
J.P. Dieudonne. The above result is often used in the construction of a partition of unity.
Once again following [3], we define the Fourier transform and list many of its properties.

Definition 9.2.4. For f € LY(R™) we define the Fourier transform of f by
T = Fle) = [ ey do 9.2

Clearly f(é*) is well defined for every &.
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More precisely, we have

Theorem 9.2.5. For f € L', f € L™ and

1 Fllse < I£111.

[ et < [ @) e =151

Theorem 9.2.6. 1. If f,ge L', then F(f x g) = F(f)F(g).

Proof. This is obvious since

GE

2. If f €8, then 85]?: g where g(x) = (—2mix)" f(x).

3. If f €S, then F(0°f)(€) = (2mi&)*f(£).
4. Iff €S, then f € S.

Proof. 1. First we note that by the Generalized Young’s inequaltiy, since f,g € L', then
(f xg) € L'. Now the result follows by applying Fubini’s theorem (cf, [3]) in order to
justify an interchange of integrations. Namely we have

F(f*g)(¢ // TS o — y)g(y) dady
iy JR R

=f(&) [ e g(y) dy
)

2. Just differentiate under the integral sign.

510 = [ G fla) e = [ (<aria,)e 7 f(a) de = 5((=2ri) )



8 CHAPTER 9. PARABOLIC EQUATIONS

3. Whrite out the integral and integrate by parts.
F(0.,0)€) = [ 760, f(a) da
= (27i¢;) / e HET f(2) da
— (2mig)F(£)(©)
4. By parts 2. and 3.
9 (€°71€)) = (—1)\(2mi) -ty w0 f]

so 0° (faf(f) is bounded for all & and 3. Then using the product rule for derivatives
and mathematical induction (3 it can be proven that £€20%f is bounded for o and 3
from which we see that f € S.

]

Theorem 9.2.7 (Riemann-Lebesque Lemma). If f € L'(R") then [ is continuous and
tends to zero as |x| — oo.

Proof. This follows from Theorem 9.2.6 for f € S and the fact that S is dense in L.

Namely, if f € L' and {f;} C S such that f; — f in L', then ]/”; — f uniformly (since
I fi = flloo < |Ifj — fll1) and the result follows. O

Theorem 9.2.8. If f(z) = e~ with a > 0 then f(f) — q "2l a

Proof. By making the change of variables z — a~/?z we may assume that ¢ = 1. Since the
exponential function converts sums into products, by Fubini’s Theorem

n
]/c\(g) _ /627riz-§7rx|2 dr = H/e—%rixjfj—wzi dx,
j=1

T

so it suffices to verify that the jth factor in the product is e™ €. So let us consider the case

n = 1 and we have
/6—27rix§—7rx2 — 6—7T€2 /6_77(95‘”5)2 dzx.

At this point we again appeal to a result that outside the scope of this class. It is known that

Fe\2
the complex valued function of the complex variable z = (z 4 iy) given by @(z) = e ™=+%)
is an entire function (analytic in the entire complex plane) and has the property that

—m[(x+1 24 (x—i 2 —omz? or 2
0(2)[% = p(2)p(z) = e ™EHEH) Ha—il+)?] = g=2ma® 2n(y+e)
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which decreases exponentially to zero as x — oo as long as y remains bounded (recall that
¢ is fixed). Thus we can apply Cauchy’s Theorem to shift the contour of integration from
Im 2 =0 to Im z = —&. This gives us

F (e—m?) (€) = e /e—w(:c+z‘£)2 dr = ¢~ /e—m2 dr = e ™,

]
Theorem 9.2.9 (Plancherel Formula for S). If f,g € S then
/ fg= / fg
Proof. By Fubini’s Theorem
[ r@ieds = [[ f@owe v ayas = [ fogto)an
(]

This result can be used to prove the following major result.
Theorem 9.2.10. 1. Let F*f(z) = Ff(—x), then f € S implies F*F f(x) = f(z).
2. The Fourier transform is an isomorphism of S onto S.

3. The Fourier transform extends to a unitary isomorphism of L? onto itself, i.e., for all
f € L? we have

1£lla = 1171

This result is often refered to as The Plancherel Theorem.

Proof. 1. Given € > 0 and = € R", set
o(€) = ¢ i
Then using Theorem 9.2.8 we have
ly) = / ¢=2mily=a)€ o=Tlel? ge _ c—no—mlo—yl?/e

Thus

~ -n r—y — xlzl?
Ply) =e g(’ - ’>=ge(x—y) where g(z) =e PP
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Then by Theorem 9.2.9, we have

frofe) = [Hate—yydy= [ 15 [Fo= e emecfie) ac

Now by Theorems 9.2.3 and 9.2.4, f * g. — f uniformly as ¢ — 0 since f is in S and
functions in S are uniformly continuous. But for each =, by the dominated convergence
theorem, we have

et enefieyac - [ émesfie)ac =5 (F) (a).

. This is just a restatment of part 1 since for f € S define g(§) = F(f) (&) =Ff(§) € S

and we have f(z) = F(g)(z) by part 1.

. Since S is dense in L?, by part 2 we only need to show that ||f||2 = || f]|2 for all f € S.

If feS8, setg(r)=f(—x). We see that

56 = [ gayde = [ T

= /627””5 f(—z)dx

— /G—Qﬂix{ f(l') dr

= f(8).
Thus by Theorem 9.2.6 part 1 and Theorem 9.2.9 we have

1913 = [ )P do = [ 1) Ty o

= (fx9)(0) =F"F(f *g)(0)
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9.3 The Heat Equation in R"

Now we can begin our discussion of the heat equation on R™ x R,. We first consider the
initial value problem

Ou = Au
{ 02.1)

u(x,0) = f(x)

To solve this problem we first assume that f € S and apply the Fourier transform to construct
the so-called Gaussian or Heat Kernel. We have, by Theorem 9.2.6 part 3,

dia(€, 1) +An*[¢ffu(g 1) = 0, u(€,0) = f(€).
For each £ this is an initial value problem in ¢ and we can solve it to get
(e 1) = fl©e I (1> 0).

Thus we obtain a product of two functions. Next we apply the inverse Fourier transform to
both sides. If we apply Theorem 9.2.8 we have

Ky(z) = 5 (e—4“2|f‘2t) (z) = (47;)71 e e, (9.3.2)

Theorem 9.2.6 part 1 and Theorem 9.2.10 part 1, imply that the solution to our IVP is

1 a2
W/R e A f(y) dy.

Here we have obtained a formal solution. To prove that this is actually a solution requires
either some hard estimates or the use of approximate identities and delta families to show
that the initial condition is actually satisfied. Note that

u(z, 1) = (K f)(z) =

K, (z) = ™2, (7 2), K,(z) doe = K,(0) = 1.
Rn

Therefore by using € = t'/2 we see from Theorem 9.2.3, that { K}~ is an approximation to
the identity. Thus we have the main result.

Theorem 9.3.1. If f € LP(R"), 1 <p < oo. Then u(z,t) = (K; % f)(x) satisfies
Oru — Au =10, on R" x (0,00)

and
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1. If f is bounded and continuous, then u is continuous on R"™ x [0, 00) and u(x,0) = f(x).
2. If fe LP, p< oo, thenu(-,t) — f in L ast — 0.

Since K; is rapidly decreasing along with all its derivatives, we see that we can differ-
entiate under the integral to show that for all ¢ > 0, u € C*°. So the heat operator is
instantly, infinitely smoothing. This shows that we can not reverse time in the heat equation
in general, since if we had a non-smooth initial data and we went back in time to say —tg
then used this function as an initial data and propagated it forward in time it would have
to be smooth at time zero. We also note that K; x f actually makes sense if for t < T we
would only assume that |f(z)| < Cexp(|z|*/(4T)).

As for the question of uniqueness for the heat eqaution in R”, we have the following result
from [3].

Theorem 9.3.2. Ifu € C(R" x [0,00)), u € C*(R™ x (0,00)) and u satisfies
Ou=Au for t>0, u(x,0)=0,
and if for every e > 0 there exists C' > 0 such that
lu(z, )] < Cel | Vou(z, t)| < Cedel,

then u(x,t) = 0.

Proof. See Folland [3] Theorem 4.4, page 144. O

To see that uniqueness does not hold for the initial value problem (9.3.1) without some
conditions at infinity, consider the case n = 1 and let g(t) be any C'*° function on R, then
formally the series

(k) (4) 2F
u(z,t) = Z %

k=0
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formally satisfies the heat equation:

ou f: gD () 22k

E (2K)!
k=0
_ 0 g(k) (t) $2(k—1)
2o (2(k—1))!
5%u g(k) (t) 72k—2

027 ~ = (2(k— 1)

g™ (t) (2k)(2k — 1)z
(2k)!

g (t) 2201

< (2(k=1) "

M+ I

k=1

NE

e
Il

and therefore
ou  O0%*u

ot Ox*
To produce a nonzero solution to (9.3.1) with u(x,0) = f(z) = 0, we give a nonzero g

satisfying ¢*)(0) = 0 for k = 0,1,--- and so that the series converges on R™ x [0, co. Such
a function is given by

gty =e""

It is worth commenting that a Theroem due to D. Widder says that if the inital data
data is nonnegative, i.e., f(z) > 0, then the unique nonnegative solution is given by u(z,t) =

(K = f) ().
Let us briefly discuss the notion of a Fundamental Solution for a parabolic initial value
problem.

Remark 9.3.1. Suppose we want to solve a Cauchy problem

uy = Lu, v eR" t>0,
u(z,0) = f(z), = €R",

where L is a constant coefficient differential operator.
We consider first the “distributional” problem

F,=LF, z€R" t>0,
F(z,0) =4d(x), ze€R™
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In (9.3.6) ¢ is the so-called dirac distribution which is defined by way of the requirement

| ota)sta) s = (0),

for every ¢ € C°(R"). Such an F' is called a fundamental solution for the initial value
problem. We have already constructed such a function above for L = A, namely, F = K.
Once we have F, the solution to (9.3.3), (9.3.4) is given by

uet) = [ Fla=y.0 /) dy= (F0 D) (937

There is also a version of Duhamel’s Principle for parabolic problems. Consider the
nonhomogeneous problem

u = Lu+ g(z,t), x€R" >0, (9.3.8)
u(z,0) =0, zeR"

The solution to (9.3.8) is given by

u(z,t) = /0 /n F(x —y,t—s)g(y,s)dyds. (9.3.9)

Just to make sure that there is no confusion with the literature, for an operator (9, — L)
the fundamental solution of the initial value problem (9.3.5), (9.3.6) coincides with the “free
space” fundamental solution which satisfies

(& — L)F(x,t) = 8(z, 1), (9.3.10)
F(z,t) =0, t<0. (9.3.11)

For example, for the heat equation the free space fundamental solution is given by
K(z,t) = (9.3.12)
0 t<0

and we have the following result.

Theorem 9.3.3. The kernel K in (9.3.12) is the fundamental solution for the heat operator,
1.€.,

(0 — A)F(x,t) = 5(2)8(t).

Proof. See Folland [3] Theorem 4.6, page 146. O
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9.4 The Heat Equation in Bounded Domains

For the heat equation on bounded domains we must once again consider the Boundary
Value Problem (BVP). Generally we have a bounded domain 2 C R™ and we consider a
time interval 0 <t < T < oo. Thus the data for the problem generally consists of initial
data at time ¢ = 0 given as u(z,0) and some type of boundary data on 02 x [0,T]. There
are three physically motivated BCs often considered:

1. u(z,t) = f(x,t) for (x,t) € 02 x [0,T]. Thus the temperature on the body is specified.

0
2. 8—u(x, t) =0 for (z,t) € 9Q x [0,T]. In this case the body is insulated, i.e., there is no
n

heat flow in or out of the region.

0
3. (a_u + c(u — uo)) (z,t) = 0. This condition cooresponds to Newton’s Law of Cooling
n

in which outside the region €2 a temperature uy(x,t) is maintained and the rate of heat
flow in or out of the region is proportional to (u — wug)(z,t)

For parabolic BVP on bounded domains we once again have a maximum principle given
in [3] by

Theorem 9.4.1. Let Q_be a bounded domain in R™ and 0 < T < oco. Let u be a real-valued
continuous function on ) x [0,T] satisfying (0 — A)u =0 on Q x (0,T). Then

max |u(z,t)| = max{ max |u(:v,t)|,max|u($,0)|}.
xeQx[0,T] €00 x[0,T] z€Q

Proof. For any € > 0 set v(z,t) = u(x,t) + €|lz[>. Then (9; — A)v = —2ne < 0. Also fix
any 0 < 7" < T. If the maximum of v on Q x [0,7"] occurs at an interior point (g, %)
of Q x [0,T], then from calculus we must have 02,v(x0,t0) = 0 and Jyw(xo,tp) = 0 and
the second derivatives 8§jv(xo,t0) < 0. Thus we must have (9, — A)v(xo,tg) > 0 which
contradicts the result (0, — A)v(zo, ) = —2ne < 0.

If the maximum occurs on Q x {7"}, then at the maximum d;v > 0 and Av < 0 so that,
just as above we have a contradiction. Thus we have

max |u(z,t)] < max |v(z,t)]
zeQx[0,77] zeNx[0,77]

ze(Qx{0})u(o02x[0,T7])

= max lu(z,t)| + e max |z|%
z€(Q2x{0}H)u(o0x[0,T7]) zeQ
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Passing to the limits as ¢ — 0 and 77 — T gives the desired result. We note that 7" was
needed because we can only apply the calculus results in the case that u is smooth which we
don’t know at t =T

O

Remark 9.4.1. By replacing u by —u we can also see that the minimum is also achieved
either on (02 x [0,T7]) or (€2 x {0}).

Corollary 9.4.1. There is at most one continuous function u on Q x [0,T] solving the BVP

u—Au=0 (z,t) € Qx(0,T),
u(z,0) = f(z) =z €,
u(z,t) = g(x,t) (x,t) € 092 x [0,T].

As you might expect the method of separation of variables once again plays a central
role. We seek simple solutions of the heat equation in the form

u(z,t) = X(x)T(t)

which gives

We conclude that ‘
T(t)+NT(t) =0
and

AX(2) + N X(z) =0, X(2)|, 50 =0

The first of these problems, an ordinary differential equation has general solution
T(t) = Aexp(—\*t).
At this point recall a general result first expressed in Chapter 7.

Theorem 9.4.2. The Laplacian operator A on a bounded domain €2 with smooth boundary
O admits an orthonormal basis for L*(Q) consisting of eigenfunctions 1;(z) with associated
eigenvalues (—/\§) < 0 satisfying

Ay + Ay =0,
P(r) =0 z € 0N.

Thus <¢j,z/1k> = 0, where < -, > is the inner product in L*(Q) given by

(fg) = / f(2)9(x) da
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where Z denotes the complex conjugate of z.
In particular, for every f € L*(Q) we have

=),
j=1

in the sense of L*(Q).
Similar results hold for the Neumann boundary conditions (O,u = 0) and the radiation
conditions (Op,u + cu) = 0.

With this result we can write the solution to

—Au=0 (z,t)eQx(0,T),
u(z,0) = f(z) = e€Q,
u(z,t) =0 (x,t) € 02 x [0,T].

as
Ze—)\ -t f]w]
where .
= fivi(x)
j=1
and
fj = <f7 7WbJ>

Exercise Set 5: Parabolic Equations

1. Consider the nonhomogeneous heat problems:

(a) uy = e + f(z,t), 2 €R, t>0, u(x,00=0, =x€&R. Apply a Duhamel’s
principle to find the following formula for the solution of this problem:

t o] 1 )
u(z,t) = ——— e @OV £ (¢ 1) dedr.
wo= [ | s J&m) e
(b) Solve u; = 4y, +t+¢', v €R, t>0, u(z,0)=2, ze€R.
(c) Solve uy = uy, + e Fcos(z), r€R, t>0, wu(z,0)=cos(r), x€R.
(d) Solve u; = Uy, + €'sin(z), z €R, t >0, wu(z,0)=sin(z), z€R.
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2. The heat equation in the semi-infinite rod with its end kept at zero temperature or
being insulated leads to the initial-boundary value problems

Up = Uge, 0< <00, >0

u(z,0) =¢(x), 0<z< o0

w(0,6) =0, t>0 (1)
or

ue(0,6) =0 ¢ > 0. 2)

For the boundary condition (1) show that

For the boundary condition (2) show that

(1) = ﬁ /OOO % {exp (_(fo)Q> + exp (‘““"Tf)zﬂ 6(€) de.

3. Recall that the solution to the initial value heat problem
Up = Ugy, —00< T <00, 1>0

u(z,0) = f(z)
is given by

u(z,t) = \/Z%/Z exp (_@T;yy) f(y)dy.

(a) Prove that the solution depends continuously on the data in the sense that if
[f(z) = f(z)| <e, z€R,
then the corresponding solutions satisfy

lu(z,t) — a(z,t)| <e, xR, t>0.
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(b) Assume that f(z) is continuous and bounded. Show that

lim u(z,t) = f(x)

t—0t
by first proving the following result.
Lemma: Let 1) be positive, continuous and integrable on (—oo,00) and satisfy

/Z W(r)dr = 1.

If f is continuous and bounded, then

s [~ (y = 9"’) Py = ().

Hint: Make the obvious change of variable and reduce the problem to showing

lim/Oo w(r) [f(x+or) — f(z)]dr = 0.

6—0

Prove (b) by applying the Lemma to

4. Consider the initial boundary value problem,
Up = Uyy + F(2,1), O<z<l, t>0
u(z,0) =0, 0<z<l
u(0,t) =0, u(l,t)=0, t>0.
Use Duhamel’s principle and a formal series solution to obtain the following formula
for the solution of the nonhomogeneous problem,

o0

¢ 27r2 t—s
u(z,t) = Z {/0 Fk(S)e_k . ds} sink?lr—:lj

k=1

where
2

I
k
Fi(s) = 7/0 F(x,s) sin%x dzx.

If F(x,t) = F(t)sin(mx/l) show that the solution is

t 7r25 7r2t
u(z,t) = </ F(s)e® ds) sin 7T7366_17
0
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5. (a) Separate variables to construct a series solution of

Up = Ugy, 0< <7, t>0
wz,0) =z, 0<z<m

uz(0,t) =0 =uy(m,t), t >0
(b) Carefully justify that the series solution satisfies the boundary conditions and the
initial condition and show that for each ¢ > 0 the function u(x,t) defined by this
series represents a C* function in x that satisfies the heat equation.
6. Show that the solution to the initial value problem
Ugy = U, I'GR,t>O
u(z,0) =€, reR
is given by u(z,t) = eb*eb’
7. Solve the heat problem
Up = Uge, O< <1, t>0
uz(0,t) =1, wu,(1,t) =0,
u(z,0) = 0.

8. Do both parts

(a) Let {u;(y,t)}7_, be solutions of the one-dimensional heat equation u; = u,,. Show
that

v(x,t) = H uj(x;,t)

satisfies the n-dimensional heat equation. What is special about the heat equation
that makes this true?

(b) Suppose that {ux(z,t)};_; are solutions of the nonhomogeneous heat problems
Up = Uy,  u(z,t) = frlzg), T €R", >0, k=1,---,n
Show that

n

k=1
is a solution of the problem

up = Au, u(z,0) = Hff(xk).
k=1
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