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Abstract

A rigorous derivation is given of steady-state solutions v(z) to the problem of the
electromagnetic field over a three-dimensional, conducting half space R due to a time-
harmonic source located in RY (R3 = {z € R : £a3 > 0}). For z € R3 a general
solution v(z) has the structure

v =00 + Vs + Vs, +Vs_+ Vp +0p,

where v is the static component, vy, is the AH-wave component, v,  are the surface-
wave components, and {;p and v, are the spatial-wave components obtained as superpo-
sitions of modes having the frequencies of the upper and lower media respectively. For
large |z| they decay as follows: vg, vs, , v, = O(|z]|72), vs, = o|z| ™), 51,: O(|z|71).
An explicit expression is given for the leading term of the asymptotics of 5]0. In par-
ticular, contrary to popular belief, there is no component which decays like O(|z|~/?)
along the interface {x3 = 0}.

Introduction

For Maxwell’s equations over a conducting half space the solution wu(z,t) for quite general
sources f(x,t) can be represented by Duhamel’s principle [3, p. 197]. Time-harmonic solu-
tions arise as approximations to such solutions for large ¢ when the source is time-harmonic.
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For such approximations it is often possible to obtain much more information than for the
actual solution. For this reason it is important to give a rigorous derivation of such solutions
and determine their properties.

To formulate the problem let I3 be the 3 x 3 identity matrix, let O be the 3 x 3 zero
matrix, and let B and E be the diagonal matrices

B = diag(—iols, 0),

B(x) = diagle(2)ls, j(2)1s]
= X+ (w3) diagleo s, pol3] + X (w3) diaglels, pul3]
=k, +FE_.
Here y.(x3) are the characteristic functions of the half spaces R3 = {z € R? : £x3 > 0},
and €, f10 and €, p1, 0 , respectively, are the electromagnetic constants of the media filling R?

and R?; o is the conductivity, and we assume that ¢ = (gop) ™' > ¢ = (ep)™!. Let A(D),
D; = —i0;, j=1,2,3, be the 6 x 6 matrix operator

O i rot 0 -0 0O
77 —irot O 2 9
—0y O 0

Setting

Lo(D) = E'A(D),
Ly,(D) = E'[A(D)+ B], (1.2)
AD) = x4(z)Lo(D) + x—()Ls(D),

the basic problem is to find a function u(z,t), differentiable with respect to ¢ with values in
D(A), the domain of A (see §2), for each ¢ such that for f € Cg°(R3),v > 0

iu(z,t) — A(D)u(x,t) = — f(x) exp(—ivt). (1.3)

If now v(x) is a solution of

[A(D) —viv(x) = f(), (1.4)
then

u(z,t) = v(x) exp(—ivt) (1.5)
is a time-harmonic solution of (1.3). It is, of course, not equal to the solution wu(z,t), since
v(x) is not in D(A) (it doesn’t even have finite energy), but for large ¢ it is reasonable to

expect that it may be an approximation to u(z,t) in some sense. This is what is behind the
fact that in the engineering and physics literature the problem is often taken in the form



(1.4), (1.5) forthwith. The rigorous justification for this constitutes the principle of limiting
amplitude (cf. [9]).
To solve (1.4) we set ( = v +ie, € € (0,¢€], €0 > 0, solve

A(D) = ¢lJo(a:¢) = f(x), (1.6)
and pass to the limit v(z) = v(z; v + i0) (the principle of limiting absorption).

We remark that in problems (1.4), (1.6) the condition is usually imposed that the tan-
gential components of the electric and magnetic fields be continuous across the interface
{z3 = 0}. This condition is satisfied in the case (1.6), since v(z;() is in D(A), and anything
in D(A) satisfies this condition automatically (see §2 below). It is satisfied for v(z) of (1.4),
since it is the pointwise limit of the solution of (1.6).

Anticipating somewhat the notation introduced in subsequent sections, to placate the
impatient reader we immediately formulate the basic result of the work. The proof forms
the content of §3 — §7. It is assumed here and below that pu = g, this apparently being
justified on physical grounds.

Theorem 1.1 For f € CP(R3,C®), v > 0, x € R3 a smooth solution of (1.4), v(x) =
v(x;v +10), exists and has the following form:

() = vo(2) + Vo () + Vs, () + vs_+ Uy () + vy(). (1.7)

Here vo(x) is the static component of the solution, while vy, is the AH-component, consisting
of a superposition of modes whose phase has no real part, so that, e.g., vs, () exp(—ivt) does
not propagate. The functions vs, (x) are the surface-wave components of the solution, while

v, () and v,(x) are the spatial-wave components consisting of superpositions of modes with
the frequencies of the upper and lower media respectively. For large |x|, x € Ri, the behavior
of the various components is as follows:

vo(x), vsp (@), vp(z) = Oz ™),

vso(7) = ol|x| ™),

by (x) = 2g(x;v) Py (W)[0(w;v) -

Coa(v@/co)0(@,v) + O(lz[~177),
g(x;v) = expl(iv|z|/co)/(4m|x|) (1.8)
P (w) is the projection of § 2,

bwiv) = (v)) / exp(—iwwy/co) £(y) dy,

W= Qf/|[l§'| = (Wl,WQ,Wg), W= (CU1,CU2,L4)_3),

and Cy ;1 is the matriz reflection coefficient of §6, and k € (1/2,1).
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Remark 1 From the theorem it follows that the leading term is 13p (z), and 131, () exp(—ivt)
is an outgoing hemispherical wave in R?. We have considered the solution only for z € R?,
since it is the case of greatest physical interest.

Finally, to conclude this section we briefly discuss the origin of this problem and compare
our results above with earlier results. A more complete historical sketch with extensive
references can be found in [1, 12].

The present problem arose in the earliest days of radio in an attempt to understand
how radio waves propagate from a transmitter to a receiver while overcoming the effect
of the earth’s curvature (the role of the ionosphere was unknown at that time). In 1907 J.
Zenneck found that in two dimensions equation (1.4) has solutions which decay exponentially
away from the interface {x3 = 0}. In 1909 A. Sommerfeld [11] made an extensive study
of the steady-state field due to a vertical dipole. Because of cylindrical symmetry, this
problem reduces to a problem for the scalar Helmholz equation in two independent variables.
Sommerfeld obtained a representation of the solution which, when written in a particular
way, seemed to display a component which he identified with Zenneck’s surface wave. In [11]
Sommerfeld asserted that his eventual surface-wave component decays only like O(|z|~1/2)
along the interface {x3 = 0}, while we assert that the actual surface-wave component decays
like O(|z|7?). What is the reason for this discrepancy? Quite aside from mathematical
inconsistencies in [11], as we have pointed out previously [3, 4, 5], a formal Ansatz approach,
considered appropriate to a particular source or initial data, leads to results which are
Ansatz-dependent: with one Ansatz the solution may seem to contain surface waves with
certain properties, while with another these properties or the surface waves themselves may
not be evident (cf. [6]). Thus, Weyl [13] via another Ansatz obtained a solution which
showed no evidence of Sommerfeld’s purported surface wave. The actual structure of the
solution of problem (1.3) remained equivocal up to the appearance of our monograph [3].
For example, although very many papers have been devoted to this problem since 1909, the
AH-wave component of the solution was first discovered in [3], i.e., nearly eighty years after
Sommerfeld’s paper. Actually, radio engineers have known for some time, at least in special
instances, that the surface waves decay faster than the spatial wave (cf. [7]). Our theorem
asserts that it is always the case that they decay twice as fast at least.

Finally, we mention that the analogues of (1.4) for elastic waves in R? with a boundary
free of normal stresses [10] and for Maxwell’s equations in R? with the self-adjoint Leontovich
boundary conditions [9] do admit surface waves which decay only like O(|z|~/2) along {z3 =
0}. For the Rayleigh wave of elasticity theory this has long been known. The reason for
the disparity with the case of the surface waves of the present problem is very simple. For
example, the Rayleigh wave is formed as a superposition of modes with real frequencies: in
constructing a solution of the analogue of (1.4) via (1.6) the integrand for the limit function
has a singularity on R, since the range of the frequencies of the Rayleigh modes contains
the frequency v. Handling this singularity in the usual way and using stationary phase show
that the steady-state Rayleigh wave decays only like O(|z|~'/2) [10]. In the present case the
complex-valued frequencies of the surface modes are always a positive distance from v, and
the modes for (1.6) thus have no singularity. The asserted decay can be proved simply by
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integration by parts (once a considerable amount is known regarding the structure of the
solution). This is carried out in §4, while §3, §5 — §7 contain the remainder of the proof of
the theorem. The second section contains the required background material.

2 Background

In this section we present a brief outline of how the machinery for solving (1.4) was developed
in [3] and along the way introduce mathematical objects needed in subsequent sections.

The operator A of (1.1) with domain D(A) = {f € Ly : Af € Ly} is selfadjoint in
Ly(R3; CY). Let K () denote the Hilbert space of functions f, g € Ly(R?, C®) with the E
(E_) inner product

<f7 g)’% =< f7 E—‘rg >, ((f7 g)IC =< fa E—g >))

where here and henceforth < -, - > is the usual Ly inner product with corresponding norm
l|-]|l. The operator Ly (L,) of (1.2) with domain D(Ly) = D(A) (D(L,) = D(A)) is selfadjoint
(maximal dissipative).

The symbol Ly(n), n € R¥\{0}, of Ly is

_ 0 —n3 2
@) —eg A
Li=| . o [m=]m 0 -m (2.1)
0 - —n2 T 0

and has eigenvalues Kj (n) = jeolnl, j =0,%1, & = (eop0) ™!, each of multiplicity two. The
corresponding projections ﬁj (w),

o

LO(n) Pj (w) :)\j (w) Pj (Cd), j = Oaila w = 77/‘7” S 527
are mutually orthogonal orthoprojectors with respect to the E inner product:
"(Ey Pj) = Ey Py, 05 Pj=P;Py, j,k=0,%1.

They are needed explicitly:

B =% | (22)

0 ‘fww

—w A WA JloCow\
JeoCowAN  —w AwWA |’

Pj (w) = {
j==%1L neRN{0}, w=1n/ln| € 5
The resolution of the identity for Lo(n) is



[ = Po(w)+ Py (w)+ Py (W), (2.3)
Lo(n) = X () P1 (@)+ At () Py ().
The symbol L,(n), n € R¥\{0}, of L, is

_ —ioly —nA
Lg(n)ZE_l[ nA3 g }

det[Lo(n) — (1] = C(¢ +io/e) [ — M(m)]* [ — Aa(n)])?

with eigenvalues
X =0, N\, = —io/e, \j(n) = —iog/2e + jA(n),

A(n) = V/[n]? — 02/4e%], Im A(n) > 0, j = +£1,

and corresponding projections

rw=g .S me=" 2]
P =Gy | TR nn |

j = =1, c[n| # o/2e,
having the properties
t(E_Pk) = E]_P)]g7 5k]Pk = PkP], j,k’ = 0,0’, +1.

The resolution of the identity for L,(n) is

I = Rw)+ Pr(w)+ Pn) + Pa(n), (2.4)
Lo(n) = XoPs(n) + Ai(n)Pi(n) + A_1(n)P-1(n).

We observe that A\;(n) = A_;(n) on the sphere {c|n| = 0/2¢}, and Ai1(n), n € R3, are
thus branches of a single function. This is reflected in the singularity of P;(n), j = £1, on
the sphere {c|n| = o/2¢} where A(n) = 0. Now

—w A wA O

Pi(n) + P-1(n) = O —wAwhA

MM PL(n) + A1) P-i(n) = (—io/2e) [Pi(n) + P-1(n)]
+A(n) [Pr(n) — P-1(n)]



have no singularity, so that the last two terms in the resolution above are to be read together.
Likewise, in the resolution of the identity for the operator L, in i,

f:®*[PO+PU+P1+P—1]q)f7 feKv

P, + P_; is to be treated as a single projection. Here and below ® denotes the three-
dimensional Fourier transform: for n > 1

B, f(n) = (2m) " / exp(—inz) f(z) d

n

with inverse ®*f(p) = ®f(—p). For n = 3 we write simply ® in place of 3.
The spectra of Ly, L are

O'(Lo) = R, (25)
o(L,) = {—io/2e+ X, Ne R}U{—=iA: A €[0,0/¢]},

whereby 0 is an imbedded eigenvalue for Ly, and 0 and —io /e are imbedded eigenvalues for
~ ~ ~q-1

Lo. For { ¢ o(Lo), ¢ & o(Ly) the resolvents Io(C) = [LO - g[} L I(C) = [Lo — CI™" can be

expressed in terms of their symbols by

WQf = @ [L0) -] of = [ 1ie.wd) fw)dy (26)
Of = @ (L)~ ¢l 0f = [ o) fw)dy
We note that in
[Lo(n) = CIT™ = =C ' Po(n) + (C + i /e) ™ Po(n)+
M) = M P(n) + A () = (TP (n)
the last two terms are to be read as

(= (¢ +i0/2e)[Pr(n) + Pa(m)] + A [P (n) — Pi(n)]

[A1(n) = ¢J[A-1(n) = ¢]

in a neighborhood of the sphere {c|n| = 0/2¢}, so there is no singularity there. The adjoint
Lt = E~'[A — B] of L, has symbol L*(n) = L,(n) with eigenvalues and corresponding
projections which are the complex conjugates of those for L,, and its spectrum o(L%) =
o(L,). For ( & o(L,) the resolvent kernel for L% is

I'(-.¢) = (2m) 2" [L, — ¢I] 7.

The importance of these resolvents in the present problem (as in others) is that they play the
role of “incident” waves for the construction of the resolvent of interest in solving problem
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(1.6). Namely, from the representations (2.6) it is possible to compute a very simple expres-
sion for the trace of the resolvent kernels Iy(x,y; (), I(x,y; (), I'(x,y; () on the hyperplane
{x3 = 0}. Thus, the operator A defined by D(A) = D(A), A f = x+Lof +x_Lof, f € D(A),
is maximal dissipative ! with adjoint A* = x4 Lof + x_L:f, f € D(A*) = D(A) = D(A). Tt
follows from the form of A [3, p. 22] that a function f € D(A) if and only if Bf(2’,0") =
Bf(«',07), Bf = (fi1, fa, fa, [5), i.e., the tangential components of the electric and mag-
netic fields are continuous across the interface {3 = 0}. From the above expressions for the
free-space resolvents it is now possible to compute the trace of their kernels on {x3 = 0} in
a manner amenable to computation of the resolvent kernels of the resolvents G((), G*(()
of A, A* as the sum of “incident,” “reflected,” and “transmitted” waves matched on the
interace {x3 = 0} by the condition Bf(z',07) = Bf(2’,07). While this might seem to be
an incredibly “messy” business, our discovery of so-called “paramutation relations” made
it possible to solve only two simple 2 x 2 algebraic systems to completely determine G((),
G*(¢) [3]. The expressions for them involve two algebraic functions which arise naturally
in computing the traces of the free-space resolvents on the hyperplane {x3 = 0}. They are
needed below and are recorded here: for £ € R?, [£] # 0

7(&C) = "/ (2= lg?), Tm 7> 0, (2.7)

in the ¢ plane with branch cuts (—oo, —cg|€]), (col|, +00). Similarly,

7(6¢) = (&) + 7<(& Q) = ¢ 'VIC(¢ +io/e) — 2[¢]?], ImT >0, (2.8)

where 7= (; ¢) has branch cuts

(—o0 —i0/2e,\/[2|€|? — 02/4e?] — io /2€),

(V[2[€]2 — 02/4e?] —io/2¢e, 00 — i0 /2€),

and 7. has the branch cut

(—ic /26 — i/[RIE]2 — 0247, —io/2¢ + i\/[P[EP — 02/4e?))

see [3, p. 17]).
This construction of G(() is possible only for ¢ € o(A). In addition to o(Lyg), o(L,) there
are three other components of o(A) which arise as the three zeros, so(&), sy (§) = —5-(¢),

of the determinant of the algebraic systems mentioned above. These components of o(A)
correspond to the AH and surface waves. The graphs of these zeros are shown in the following
illustration of o(A).

IThe dissipative operator A of [14] will here be A = —iL, A* = iL* so the dissipative conditions used
there here become 0 > Re(f, Af) = Im(f, Lf), 0 > Re(f, A*f) = Im(L*f, f).



Figure: o(A)

The solid circles indicate the embedded eigenvalues. The double wvertical line
indicates that this portion of the spectrum is covered twice: once by A_1(n) and
once by so(€). The dashed line is the asymptote —ioc?/(2e(c* + c3)) of s+.

Below we shall need the properties of these zeros in a neighborhood of [£| = 0 [3, Theorem
3.4.7]:

so() = —is(8),
56 = a/e+0(lg),

0,5 (&) = —(2¢/0)& + O(IEP),

92 5(6) = O(1); (2.9)
s+(6) = alél + O(¢]?),

0e,54(€) = cobs/IE] — 2i&icde /o + O(IE),

02s:(&) = O(¢l™).

Correspondingly, from (2.7), (2.8) with 7,=7(s; &), 7, = 7(5;€), s = s0, Si:

T (€) = O(1),
O, Ty (6) = O(E)),
% To (6) = O(L);

(&) = O(lg]),
0, 7,(€) = O(lg]™),



070 (&) = O(lEI™);
T (&) = O, (2.10)
e, Top (&) = O(I¢['?),
R 7 (€) = O,
.. (§) = O(lg"?),
8fj7—3i(£) = 0(15‘71/2)7
0 (§) = O(E).

For ¢ € o(A) we now have a representation of the resolvent G(¢) = [A —(I]™', and for
such ¢ we thus solve problem (1.6). However, our purpose is to solve problem (1.4), and to
this end the present representation of G(() is unsuitable: the spectral parameter appears
in many untoward places, and, in passing to the limit ¢ | 0, no intelligible result can be
achieved. We circumvent this state of affairs by representing the resolvent as a superposition
of generalized eigenfunctions.

With G(¢), G*(¢) in hand it is possible to compute the generalized eigenfunction expan-
sion for A, A*. For x € R3 the Parseval identity for A , A* has the form [3, (5.6.3)]

f@) =@+ S Ssif@)+ S b, fla)+ Y vy (2.11)

k=s0,5+ Jj==%1 j==£1

Here IIj is the projection onto the null space of A (data giving rise to static solutions),
while the remaining operators X7, 3, etc. are defined by the generalized eigenfunctions of
A, A*. They are specified in subsequent sections as needed. Modulo minor technicalities, in
an obvious notation the solution of problem (1.6) has the form

v(¢) = —C'Tef+ > Eis;() =TT f+

SR - fa) +

j==%1

> v ¢TI f(x) (2.12)
j==1

UO('; C) + vso('; C) + vs+('; g) + Usf('; C) +
Up (5 C) + Up('; C)

In the following sections we analyze each of these terms and their limits as € | 0 (¢ =
v+ie, v >0, € >0) and thus establish the validity of our theorem. It is obvious from what
follows that the derivatives for the various components of v can be analyzed in exactly the

same way as the components themselves, and to simplify notation we therefore restrict our
consideration to the latter.

10



3 The Static Component of the Solution

The static component vg(x —( Mo f(x). From [3, (5.1.4)] with 1030 (n) from § 2 for

) =
€ RY, p=po,n=(§p) €ER? EER? peR, d) = (&, il8]), w(, p) = (“d(€)(&, p)),
and 0 = (0,0,0)

(20) T f (z) = / expliarn) Po ()@ f (1) di—
/ exp(ia’€ — z3l€)| 2 (wl(&, )@ (n).0) d

=Py f(z) —'(I(x),0),

The term ﬁo f(x) is a singular integral and is O(|z|3**), p € (0,1) [8, 9]. Tt is routine
integration by parts to show that I(x) = O(|z|72). We may thus assert that vy(x) = O(|z|7?).

4 The Surface-Wave Components of the Solution

To study the components v, of the solution we need the representations of [3, (5.2.20),
(5.2.23), (5.2.24), (5.2.34)]: with s = sy, z,y € R3, and o, T O (2.7), (2.8)

vs(1¢) = X[s() — (IR,

Dy0(6,25:0) = 18(O)I[5(6) — ¢ expli #, s) X
X & (7)) @ (— %) (6, (4.1)
F&) = [ explofu(€)ml B s (€ w) dus
e (Ts) = (=& To,—E Ts, €] €056, —205E1, 0),
Bu(&) = im2lEl e Ts P+ eomd + 12  eouos )

Since s(£), € € R?, is always a positive distance from ¢ = v + ie, v > 0 (see Figure),
the above expression contains no singularity, and, as ®5f(&,y3) is rapidly decreasing in £ ,
the only possible impediment to integration by parts is the behavior of this expression near
{I€| = 0}. Using (2.10), it is straightforward to verify that near {|¢{| = 0}

1B = O(¢]7),
0e,18.(6) = O(¢I™™),
OZ16:(6) = O(g[™),
0e,[s(§) — ] = 0O(), (4.2)
9 [s() =" = o(g™),



(g (70-8) té (_ 7O—s))ik = O(|£|4)7
(7o) fe(—=7))a = O(P),
(Ts) Te(—=7))a = O,

Now it follows from (2.7), (2.9) that there exist constants ¢, d > 0 such that for || <
d <1, Im (& ¢) > c[€[*2. Thus, from (4.1), (4.2) for a constant b = b(v, f) > 0

Blotziv)] < by [ esp(—cle el dle] +O()
< ba? / exp(—clél2as)E2 dig] + O(1)
|€1<d

= —(ba2/c)ds / exp(—clé |23 €[2 dig] + O(1) (4.3)

l§1<d

— (0300, | exp(=clga) () +O()
l€l<d

= (2()$§/30)83([exp(—cd3/2x3) —1]/z3) + O(1)
(2b/3¢)[1 — exp(—cd®/?z3)] + O(1)
Cv, f) < oc.

IN

To estimate |2’|?vs(z; ) we compute
0F vs(w;v) = GOZ|B|* + 2180, G + |B:[0F G
= O(lg]™) +30(1) +230(|]""). (4.4)

The z2-term can be estimated as in (4.3). For the z3-term we have with ¢ = c(v, f)

10(1) < cny /5 _ oolde el e

< (enaf2) [ exp(—elelam) dig? (45)
< C(f,v) < oc.
Thus, from (4.4), (4.5) we have
2Pl )] < C(f.0) < o, (4.6

and from (4.1), (4.3), (4.6) we conclude that vs(x;v) = O(|z|72).
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5 The AH-Wave Component of the Solution

The component vy, is given by (4.1) with s = sy replaced by s¢. Again, the only impediment
to integration by parts is the behavior of ®qv,, (€, z3) and its derivatives near |{| = 0. From
(2.10) in place of (4.2) we now obtain

Bl = O,
D, 18 (€) = O™,
% 18O = 0(el™), (5.1)

o o

E mmm&k — 0(¢p),

O, {8 (Ts,)(te(— %’S))} = O(¢)), i, k=1,...,6.

Because of the third and fourth estimates, we see that 9 vy, (€, 23) = O(|§|~?) which, on
taking @3, gives a nonconvergent integral, so that the best we can do is to integrate by parts

once in the tangential directions. Since by (2.7), (2.9), Im 74, = | T4, | = b > 0, the decay in
the x3-direction is exponential for all /. Further,

O, Povs, (€, w35 v) = exp(i Toy 3)h(E) + 23 exp(i Ty, x3)k(E)

with i, k € L;(R?). By the Riemann-Lebesgue lemma we thus have vy, (z;v) = o4, (|2/|™")
for all z3 > 0. To eliminate the z in o,, a slight modification of the proof of the Riemann-
Lebesgue lemma is required (see, e. g., [2]). The asymptotic behavior of vy, is thus as
asserted in the theorem.

6 The Spatial Wave 5p (z; C)

From (3, (5.4.14), (5.4.14"), (5.4.16)] for f € Cg°(R%;C%), E = E,, ( = v +i€, n = |n]s,
seS? = —phrelR, o=|r|w wes? j==1

by (:0) = B @O+ 0 (@:0),

o o/

@) = o (8), K -7 (§) 1@

o

- / ye(s9)y (1) — ¢ {exp(ian) B; ©f(n) (6.1)

+ exp(izn)Co (1) ]%] (W)Co,; (M@ f(7)
— exp(izi)Co (1) Py (@)@ f (1)
— explian) P; (w)Co(7)®f (i)} dn,
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where the f)j are given in §2 and Cj; is given in (6.3). From the paramutation relations [3,
p. 131] for the reflection terms we have

o o

Coj(n) Pj (w) =P; (w)Co;(n),

and hence the last two terms are

- / xe(s3)3y () — O Mexp(ia) By (@)Co,s ()@ F(n)+
exp(izn) P; (w)Co (7)®f(i1)] dn =

= B ()~ 1 expliz) By (@)Cos )2 () d.
Again, the paramutation relations [3, p. 131] give

Co (1) Py (0)Coy (i) =P; (w)Co(1)Coy(7),

and it is a fact that Cp;(n)Co () = I, as we now show. First, from [3, (5.4.15)] with
s=(s,s3),m= |77|5

oyt = | &% @ &L | @+ {eesdl o & n} as),

ho = diag (0,0, |s'|?)
ti(n) = ¢ = & —ijopcyn| ™,
o] 0olJ

and, concerning the scalar functions ¢;(n), A, (1), A,, (1), we need know only that they
satisfy the following identity [3, p. 131]:

Ry AL oy R R () = —26,(n)]s'P. (6.4)

Using the facts that QH(s') = H(s")Q and H?*(s') = |s'|?*QH(s') as well as the identity
6.4), from (6.3) it is now straightforward to compute Cy ;(17)Cy (1) = I.
N J
From (6.1), (6.2) we now have
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en) 8y ) = [ B -
X (sa) explizn) Py ()@ (n) +
(o) explia) Py
exp(iij) Pj (&)Co;(m)®f(n
= [ B ) = explian) - (65)

exp(ii)Cos ()] B ()2 ()i
B 0 =1 exptian) o)

=
.

3
I

fi(n) =P; (s)[®f(n) — Co;(MPf (7).

Now the last expression is exactly of the same form as (2.10), (2.23) of [9]. The proof

0(J) 0(J) o(1)
of the existence of vpj (z;v) :vp] (z;v +10) and the estimate of v, (x;v) for large |z| by

) (-1) . L
stationary phase and of zo)p (z;v) by parts integration is exactly the same as there and

) o(1) ) 0 )
will not be reproduced here. The result for v, (z;v) is as stated for v, (z) in the theorem,

LoD .
while v, * (z;v) = O(|z]|7%).

7 The Spatial Wave v,(z; ()

From [3, (5.5.10), (5.5.14)] with \;(n), Pj(n) of § 2, and 77 = (91,72, —13) for z € R3,
f e G (RE;CY)

vp(:¢) = Vi) — (T f ()
A () =T f (=)

¥ ()
(2m) 92 / v (s3){exp(izn) D () Pu(n) (7.1)
(n

Dy () [Mi(n) — (T F(F) + exp(izy™Y) x
D_i()P-1(n)D_1(M)[A-1(n) — 7 @ fF )} d,

where the matrices D; are given in [3, (5.5.11)], and from [3, pp. 162, 166, 153]

+

J

v = (&), v =n"nlel, (7.2)

and for ¢|n| > o /2¢
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) — — — " " 1/2
22l T 7} = {J (28— B + 0?3/ + 326 - 5}

) — — — _ _ 1/2
22l Re ) = {J (28— B + 073/ - mw}
B=1-n?W? [=0c*1+n%w?)/4e (7.3)
X =Ml = @l - 0?/4e2| ',

while for ¢|n| < o/2¢

clnltmepg = [X;(n) £ colé]] (7.4)
Reyp] = 0.

From (7.3) as ¢|n| — 0/2¢ + 0, ¢|n|Re} — 0, while as ¢|n| — /2 £ 0, ¢|n| Im ¢} —
BY2 = (0/2¢)(14+n2|’|2)2. We choose a neighborhood Nj of the sphere {c|n| = o/2¢} such
that on Nj c|n|Im ¢} > 0 /4e, i.e., Im~) > o /4ecy. Let ¢ € C°(R?) be such that VIng,, = 1,
supp ¥ C Ns. Introducing 1 = ¢ + (1 — ) into (7.1), we have in an obvious notation

vp =00+ vy + v, (7.5)

where for vy (v;) the support of the integrand is contained in {c|n| < o/2e} N Nys2 ({cln| >
0/2} N Nsjo ). We consider each term of (7.5) separately.
In Ns, up to terms of O(|A(n)]),

A(n) = Ai(n),

v (n) =~ (),

Di(n) = D_1(n), Di(n) = D_1(7),

so that the integrand of vg is

Xt (s3) exp(izy") Di(n)[Pr(n) + Py (] D) [\ (n) — ¢ @ f(71) (7.6)

plus a term regular at A(n) = 0,
Since Py(n) + P_1(n) is not singular at A(n) = 0 (see § 2), for any 2’ € R?

]vg(aj;u)] < const exp(—z30/4ecy),

while integration by parts in the tangential variables gives for any x3

|2'|* 00 (25 v)| < const.
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Thus,
[vp(w; )| = O(Jz| ). (7.7)

We remark that the full details of writing the integrand of vz in the form (7.6) are very
tedious and are given in [3].

We need be concerned with the integrand of 5 only in a neighborhood of || = 0. From
(7.4) for |n| near 0

W) ~ €], A5V (10) ~ (072 + colé]) V2 eo.

Thus, for any 2’ the (—1)-term of v, is less than or equal a constant times exp(—z3oe/cp),
while the 1-term is less than or equal to a constant divided by z3. Integration by parts in
the tangential variables now gives

vy (@3v) = O(|2| 7). (7.8)

For vp> only the behavior of the integrand as |n| — oo signifies. Here ’yg = z; + 1y, and
from [3, (5.5.55)]

1 1/2
mm:ummvaﬁm—ﬁ+mw%ﬁmrwﬁéd*memw+u}

d(tnl, B) = B* + aotn|~*(1 — B).

In both cases § < 0 and 3 > 0 we have y(n) > a(l)/g/Qn, so that for any 2/ v”(z;v) <
const exp(—xga(l]/ ?/2n), and integration by parts on & then gives

07 (2;0)] = O(l=[ 7). (7.9)

To take care of the singularity of D;(n) at oo, occuring due to the factor AZ [3, (5.5.8),
(5.5.11)], we multiply the integrand ofv (x;v) by 1 = |£]?|€]72, absorb |£|? into (Pf(vf) Jj=
—1,1, which remains rapidly decreasmg in £, and we then have IE]2|AJ |2 > const > 0 a
0. The expressions (7.7), (7.8), (7.9) now yield the estimate of the theorem.

8 Concluding Remarks

Point sources such as dipoles, etc. are dear to the hearts of applied people, and it might
be thought that for such singular sources the resulting field could be different from that
described in the theorem. This is not the case. As we have pointed out previously [9], the
fields due to such sources can be obtained simply as appropriate specializations of the Green
function, and the asymptotic behavior of the Green function can be read off from the results
presented above. There is thus no hope for the ghost-chasers who are fain to discover new
mysteries concerning surface waves.
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